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This paper presents an investigation on the buckling behaviour of single-walled carbon
nanotubes under various loading conditions (compression, bending and torsion) and
unveils several aspects concerning the dependence of critical measures (axial strain, bend-
ing curvature and twisting angle) on the nanotube length. The buckling results are
obtained by means of an atomistic-scale generalized beam theory (GBT) that incorporates
local deformation of the nanotube cross-section by means of independent and orthogonal
deformation modes. Moreover, some estimates are also obtained by means of non-linear
shell ﬁnite element analyses using ABAQUS code. After classifying the buckling modes of
thin-walled tubes (global, local and distortional), the paper addresses the importance of
the two-wave distortional mode (ﬂattening or ovalization mode) in their structural behav-
iour. Then, the well known expression to determine the critical strain of compressed nano-
tubes, which is based on Donnell theory for shallow shells, is shown to be inadequate for
moderately long tubes due to warping displacements appearing in the distortional buck-
ling modes. After that, an in-depth study on the buckling behaviour of nanotubes under
compression, bending and torsion is presented. The variation of the critical kinematic mea-
sures (axial strain, bending curvature and twisting angle) with the tube length is thor-
oughly investigated. Concerning this dependence, some uncertainties that exist in the
speciﬁc literature are meticulously explained, a few useful expressions to determine criti-
cal measures of nanotubes are proposed and the results are compared with available data
collected from several published works (most of them, obtained from molecular dynamics
simulations).
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The discovery of carbon nanotubes in the early 1990s (Iijima, 1991) has fostered new developments in the materials sci-
ence. Carbon nanotubes assume different distinct geometric conﬁgurations and consist of one or more graphene sheets
rolled along one direction to form the tube (seamless cylinder), thus forming a single-walled or multi-walled nanotube.
Due to their CAC bonds and hexagonal lattice, carbon nanotubes possess highly exceptional mechanical properties. The
way the graphene sheet is wrapped is represented by the chiral vector (n,m), where the n and m denote the number of unit
vectors along two directions in the honeycomb crystal lattice of graphene. Zig-zag and armchair nanotubes are characterised
bym = 0 and n =m, respectively. Otherwise, they are designated as ‘‘chiral”. The strength and ﬂexibility of carbon nanotubes
makes them of potential use in controlling other nanoscale structures. They have already been used as composite ﬁbers in
polymers to improve the mechanical, thermal and electrical properties of the matrix. Due to their unique electrical conduc-
tion mechanism, carbon nanotubes are ideal components for circuits and transistors, and have already been implemented in
nanoelectromechanical systems, mechanical memory elements and nanoscale electric motors (Li et al., 2008). Furthermore,. All rights reserved.
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ployed in combination with radiofrequency ﬁelds to destroy cancer cells and conjugated with proteins, carbohydrates or
nuclear acids (Yang et al., 2007). The correct knowledge of the nanotube mechanics and, in particular, the use of continuum
classical mechanics and discrete molecular dynamics is of paramount importance for the discovery of original nanoscale
devices.
After the seminal work of Iijima (1991), much research has been done on these new carbon structures. Concerning the
structural behaviour of nanotubes, Iijima et al. (1996) used a molecular dynamics approach to simulate the non-linear
behaviour of single and multi-walled nanotubes. Nevertheless, it is known that molecular dynamics analyses are computa-
tionally expensive and time consuming and are often limited to a maximum number of atoms. Yakobson et al. (1996) ana-
lysed the buckling behaviour of single-walled nanotubes (NTs1) under compression, bending and torsion and compared the
results (critical strains and buckling modes) obtained by molecular dynamics simulations with those determined by continuum
shell models. They showed that the results of shell model analyses agreed fairly well with those obtained from molecular
dynamics simulations. Since then, a large amount of investigations has been carried out, most of them conﬁrming the accuracy
of continuum shell analyses. However, several issues still remain unsolved. One of these issues concerns the adoption of NT shell
thickness vs. Young modulus to use in the continuum shell analyses. One other issue is related with the dependence of the
Young modulus on the NT size. A third issue is related with the dependence of critical buckling measures of NTs on their length.
For instance, Liew et al. (2004) have shown that the critical strain of the NT(10,10) under compression decreases when the
length increases from 24.6 to 140 Å. In particular, Buehler et al. (2004) performed MD simulations and reported that the buck-
ling behaviour of NTs under compression strongly depends on their length and the critical strain decreases with increasing
length-to-diameter aspect ratio. More recently, Buehler et al. (2006) identiﬁed that the NT mechanical behaviour is much
dependent on its length: (i) for small aspect ratio, the NT deformation mechanism is associated with shell buckling, (ii) for high
aspect ratio, the NT deforms as a rod-like buckling mode, and (iii) for very high aspect ratio, the NT deﬂects as a very ﬂexible
wire. In addition, Buehler (2006) performed an in-depth investigation on the mechanical behaviour of NTs with very high aspect
ratio and has shown that the deformation of these very ﬂexible NTs involves large displacements of the edge sections. Moreover,
as the NT edge sections move towards each other, the NT may assemble into a racket-like shape (self-folding mechanism). Addi-
tionally, Cao and Chen (2006a, 2007) performed a huge number of molecular dynamics analyses on NTs of different diameters
and lengths and reached to the conclusion that the buckling behaviour of NTs may be divided into three categories: (A) the
shell-like buckling behaviour, (B) the transitional buckling behaviour between a shell and a beam, and (C) the beam-like buck-
ling behaviour. Moreover, they state that ‘‘. . . with the monotonic variation of the tube length and/or radius, the buckling behaviour
can change from region (A) through (B) to region (C). In general, the tubes in region (A) have a shorter length and/or a larger radius,
whereas the tubes in region (C) have a longer length and/or a smaller radius . . .”. It is well known that the critical strain decreases
with L2 (L being the NT length) for the beam-like buckling behaviour (C) but it is length-independent for the shell-like buckling
behaviour beam-like buckling behaviour (A). The evidences mentioned before suggest that there is a length range where the
critical strain is neither L-independent nor L2-dependent (behaviour B). Moreover, recent studies on the buckling behaviour
of NTs under bending (Vodenitcharova and Zhang, 2004; Wang and Wang, 2004; Shibutani and Ogata, 2004; Pantano et al.,
2004a; Guo et al., 2008) and torsion (Shibutani and Ogata, 2004; Arroyo and Belytschko, 2004; Cao and Chen, 2006b) were also
performed. Like in the case of compressed NTs, the results also showed some discrepancies between the conclusions found by
several authors.
The main objective of this paper is to shed light on the buckling behaviour of single-walled NTs under compression,
bending and torsion and to clarify some unsolved questions concerning the length dependence of critical measures (axial
strain, bending curvature, twisting angle). Using an atomistic-scale generalized beam theory (GBT) that incorporates local
deformation of the nanotube cross-section by means of independent and orthogonal deformation modes, the variation of
critical measures with the NT length is obtained (Silvestre, 2007). Additionally, non-linear shell ﬁnite element analyses
using ABAQUS code are performed to obtain non-linear equilibrium paths. Initially, the buckling modes of tubes are clas-
siﬁed according to their kinematical behaviour (local, distortional and global buckling modes) and the relevance of the
two-wave distortional mode (ﬂattening mode) in their structural behaviour is emphasized. Moreover, the well known
expression for the determination of critical strain, based on the theory of Donnell for shallow shells, is shown to be inad-
equate for compressed tubes of moderate length. Next, an in-depth study on the buckling behaviour of NTs under com-
pression, bending and torsion is presented. The variation of the critical measures (axial strain, bending curvature and
twisting angle) with the NT length is comprehensively studied. In parallel, (i) some discrepancies existing in the litera-
ture and associated with this length dependence are clariﬁed, (ii) a few useful expressions to determine critical measures
in NTs are proposed and (iii) the results obtained are compared and validated with available data (most of them, ob-
tained from molecular dynamics simulations).
2. Buckling modes, critical strains and shell theories
In accordance with the buckling behaviour of thin-walled folded-plate members, the buckling modes can be classiﬁed in
three categories:1 Henceforth, NT is used to designate ‘‘single-walled carbon nanotube”.
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sections experience only rigid-body motions (e.g., ﬂexural and torsional buckling modes).
(ii) Local buckling modes, which are common in short members, involve transverse bending of walls (cross-section con-
tour deformation) and the member axis remains undeformed. In this context, it is usual to distinguish between:
(1) Local-plate buckling is a kind of local buckling phenomena associated with transverse bending of cross-section ﬂat
walls (plates) without warping deformation of the cross-section.
(2) Distortional buckling is a type of local buckling phenomena related to transverse bending of cross-section ﬂat walls
(plates) with warping deformation of the cross-section.Using this buckling mode classiﬁcation to characterise the cylindrical shell buckling behaviour, one is able to identify the
same three categories:
(i) Flexural buckling modes, which are classiﬁed as global buckling modes.
(ii) Local buckling modes, which involve deformation of the circular section contour. Likewise, it is possible to distinguish
between:
(1) Axi-symmetric buckling modes, which are classiﬁed as local-shell buckling modes since they occur for very short
lengths and are characterised by null warping deformation of the circular section (see Fig. 1(a)).
(2) Diamond-shape buckling modes, which are classiﬁed as distortional buckling modes since they occur for short lengths
and are characterised by signiﬁcant warping deformation of the circular section. Unlike the axi-symmetric buckling
mode in which the section remains circular (see Fig. 1(a)), the circular section now distorts. Fig. 1(b1) depicts the in-
plane deformed conﬁguration of a distortional bucklingmodewith two circumferential half-waves (m = 2). Addition-
ally, Fig. 1(b2) shows its corresponding warping displacement proﬁle (in perspective, x is the tube longitudinal axis).In the theoretical investigations of NTs under compression, it is always assumed that the critical strain and the corre-
sponding buckling half-wavelength values of both axi-symmetric and distortional buckling modes are given byFig. 1.
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where h and r are the shell thickness and radius, respectively, and n is the number of longitudinal half-waves. The critical
strain ec and critical half-wavelength Lc given by Eq. (1) are obtained from the minimization of the bifurcation straineb ¼ ðh=rÞ
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ð2Þwith respect to the tube length L, where k = npr/L (n and m are the number of longitudinal and circumferential half-waves,
respectively). For illustration purposes, Fig. 2(a) depicts the variation of the critical strain ec with L andm, for the NT(23,0)with
a single longitudinal half-wave (n = 1). In this analysis, one adopted m = 0.19, r = 9 Å and h = 0.66 Å. It is seen that all the curves
exhibit several local minima and the critical strain (ec = 0.043) does not depend on the NT length L. Independently of the cir-
cumferential half-wave number m, the ﬁrst local minima always correspond to the critical half-wave length Lc = 4.15 Å.
These expressions are based on the well known Donnell-type theory for shallow shells, which considers the following
strain-displacement (kinematic) relations without the double-strikethrough termsexx ¼ u;x þ 12b
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þ v;x þ bxbh þ zjxh ð5Þ(a) Axi-symmetric mode (m = 0) deformed conﬁguration and (b) two-wave distortional mode (m = 2) (b1) deformed conﬁguration and (b2) warping
ement proﬁle (in perspective).
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Fig. 2. Variation of the bifurcation strain eb with the length L of NT(23,0): (a) Donnell-type shell theory and (b) Love-type shell theory.
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b ð11ÞIn these expressions, the local coordinate system is x, h and z, (longitudinal coordinate x 2 [0;L], angular coordinate
h 2 [0;2p], thickness coordinate z 2 [h/2; + h/2]) and the corresponding displacement components are u (warping displace-
ment), v (tangential displacement) and w (radial displacement). According to the Sanders’ theory of shells (Sanders, 1963),
the complete and exact strain-displacement (kinematic) relations are given by Eqs. (3)–(11), including all the double-strike-
through terms (Ju and Kyriakides, 1992). Based on these complete kinematic relations, the Love-type theory of shells leads to
the buckling results shown in Fig. 2(b), for the NT(23,0) with a single longitudinal half-wave (n = 1). From the observation of
Fig. 2(b), it is seen that the critical strain ec for very short NTs (axi-symmetric buckling mode) is similar to that calculated on
the basis of Donnell-type theory and given by Eq. (1). However, unlike the Donnell-type theory, the critical strain ec for the
distortional buckling modes (m > 1) decreases with increasing lengths. Moreover, the number of circumferential half-waves
of the critical buckling mode (m) also decreases. Recently, and in the context of the Love-type theory of shells, the author has
derived the critical strain and the corresponding buckling half-wavelength values for the distortional buckling modes
(m > 1), which are given by (Silvestre, 2007)ec ¼ h=rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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p ð12ÞUnlike the critical strain and half-wavelength obtained from the Donnell theory (Eq. (1)), one immediately realises that both
the critical strain and buckling half-wave length determined from the Love theory depend of the number of circumferential
half-waves (m). The Love-based critical strain ec decreases as the circumferential half-wave number m decreases. For m = 2,
the critical strain ratio displays a minimum value equal to 60% of the axi-symmetric critical strain (Eq. (1)) and tends to the
axi-symmetric critical strain for increasing circumferential wave-number (m?1). Moreover, the critical longitudinal half-
wavelength Lc (Eq. (12b)) increases for decreasing m values.
From this example, it is concluded that the omission of the double-strikethrough terms in the kinematic relations
(3)–(11) does not affect too much the buckling results of very short tubes (axi-symmetric buckling mode with
4906 N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920m = 02) but the results for long and moderately long tubes (distortional buckling modes) become unsafe, with differences
in ec values reaching up to 40%. These double-strikethrough terms comprise mainly two aspects. First, the term v/r in bh
(Eq. 7) is of primary importance since it considers the inﬂuence of tangential displacements v on (i) the linear components
of the curvature jhh in the circumferential direction (Eq. (10)) and twisting curvature jxh (Eq. (11)) and also (ii) the non-
linear membrane components of circumferential extension ehh (Eq. (4)) and shear strain cxh (Eq. (5)). Second, the term b,
which is deemed null in the Donnell-type theory, it is essential for the accurate prediction of (i) the linear component of
the twisting curvature jxh (Eq. (11)) and also (ii) the non-linear membrane components of longitudinal extension exx (Eq.
(3)) and circumferential extension ehh (Eq. (4)). The Donnell-type theory is unable to predict accurately both the warping
and tangential displacement proﬁles due to the omission of the above mentioned terms. One behavioural aspect of the
distortional buckling modes is that they exhibit negligible (or approximately null) values of (i) linear membrane shear
strain (cxh = u,h/r + v,x ﬃ 0) and (ii) linear membrane transverse extension (ehh = (v,h + w)/r ﬃ 0). The non-accurate estimation
of warping and tangential displacements (u and v) has far reaching implications (errors) in the results obtained from the
Donnell-type theory for the distortional buckling modes of moderately long tubes.
In order to perform bifurcation analysis of NTs, the author recently developed a Generalised Beam Theory (GBT) formu-
lation based on the Love-type theory (Silvestre, 2007). GBT is a one-dimensional (beam) theory that incorporates additional
degrees of freedom (deformation modes) in order to account for in-plane deformation of cross-section contour. It has been
shown to constitute a rather powerful, elegant and clarifying tool to investigate the local and global buckling behaviour of
thin-walled prismatic structural members. The performance of a GBT bifurcation analysis requires the solution of the differ-
ential equation,2 NotCik/k;xxxx þ Dik/k;xx þ Bik/k WjXjik/k;xx ¼ 0 ð13Þ
where (i) the summation convention applies to the subscripts j and k, (ii) /k(x) is a ‘‘displacement amplitude function” of
mode k deﬁned along the tube length L and (iii) Cik, Dik and Bik are stiffness matrices associated with generalised warping,
twisting and transverse bending (cross-section in-plane deformation), respectively. The critical value of the applied load
Wj can be compressive force (Pc), bending moment (Mc) or torsional moment (Tc) and the corresponding critical kinematic
measures (assuming linear pre-buckling states) are given byec ¼ PcEA
jc ¼ McEI
ac ¼ TcGIp ð14Þwhere EA, EI and GIp are the NT axial, bending and torsion linear stiffness components. Moreover, Xjik is the geometric stiff-
ness matrix that accounts for the geometrically non-linear effects stemming from destabilizing inﬂuence of pre-buckling
loading associated with P, M or T. Further details about this GBT formulation can be found in Silvestre (2007). The perfor-
mance of a GBT linear stability (bifurcation) analysis requires solving an eigenvalue problem, deﬁned by the NT elastic stiff-
ness and geometric matrices – the symbolic manipulation code Maple V (WMS, 2001) was employed to obtain the numerical
solutions (critical measures and buckling modes).
3. NTs under compression
With the objective of investigating the buckling behaviour of NTs under compression, let us ﬁrst consider the NT(7,7) with
armchair helicity under uniform compression (r = 4.75 Å). This NT was investigated by Yakobson et al. (1996) using both
molecular dynamics simulations and analytical formulae derived from shell models. The NT has ﬁx-ended rigid supports
(cross-section deformation and global rotation is restrained at both supports and the axial translation of one end section
was left free, in order to allow the axial shortening of the NT under large compression) and, like Yakobson et al. (1996),
the following properties were adopted: m = 0.19, E = 5.5 TPa, h = 0.66 Å. Using one sinusoidal function with several half-
waves (n) to approximate the mode amplitude functions /k(x) and performing buckling analyses for a wide range of lengths
(L), one obtained the results shown in Fig. 3, where is depicted the variation of the critical strain ec (solid line) and the buck-
ling mode conﬁguration with L. From the observation of Fig. 3, the following remarks can be drawn:
(i) For very short NTs (L < 3 Å), buckling takes place in local modes (axi-symmetric mode –m = 0) – note that the length is
only 30% of the NT diameter and, thus, its buckling behaviour is more similar to that of a short (shallow) cylindrical
shell. The critical strain ec = 0.082 at the local minimum and the corresponding half-wavelength (Lc = 3 Å) are in per-
fect agreement with the values obtained from Eq. (1).
(ii) For small to moderate lengths (3 Å < L < 100Å), the NT buckles in distortional modes with two circumferential waves
(m = 2). The ec vs. L variation exhibits several local minima, corresponding to an increasing number n of longitudinal
half-waves (from 1 to 5). The critical strain at the local minima (ec = 0.049) and the corresponding half-wavelengthice that the Donnell theory was mainly developed for the analysis of shallow shells (Brush and Almroth, 1975).
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Fig. 3. Variation of the critical strain ec with the NT length L.
N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920 4907(Lc = 21.0 Å) are in perfect agreement with the values obtained from Eq. (2). Notice that eDc ¼ 0:049 ¼ 0:6 0:082 ¼
0:6eLc and L
D
c ¼ 21Å ¼ 3Å 4:75=0:66 ¼ LLc  r=h (superscripts L and D denote local and distortional modes).
(iii) Using molecular dynamics simulations, Yakobson et al. (1996) studied a NT(7,7) with L = 60 Å and obtained a critical
strain ec = 0.050 (see the top white dot in Fig. 3), which matches virtually with the numerical value obtained here
(ec = 0.049). Moreover, the critical mode shape determined by these authors also agrees very well with the two-wave
distortional mode obtained herein (see Fig. 4(a1) and 4(a2)). Using Eq. (1), Yakobson et al. (1996) obtained ec = 0.077
(the small difference with respect to ec = 0.082 is due to the fact that they used r = 5 Å, instead of r = 4.75 Å) and argued
that this value is ‘‘close to the value obtained in MD simulations”, i.e., ec = 0.050. However, this is not the case, since there
is a 50% difference between those values (ec = 0.077 and ec = 0.049). This discrepancy is due to the fact that the value
ec = 0.077 is valid only for local (axi-symmetric) mode (see Fig. 4(b)) and not valid for the mode they found (pure dis-
tortional), exhibiting identical ‘‘. . . ﬂattenings perpendicular to each other. . .” – see Fig. 1 in Yakobson et al. (1996). The
main difference between these two buckling modes is that the local (axi-symmetric) mode does not exhibit warpingFig. 4. (a1) Distortional (m = 2, n = 3) buckling mode and (a2) warping displacement distributions (b) local axi-symmetric (m = 0, n = 20) buckling mode.
4908 N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920(axial) displacements while the distortional one displays warped cross-sections at x = L/3 and x = 2L/3 (see white lines
in Fig. 4(a2)). These warped cross-sections are qualitatively similar to those represented in Fig. 1(b2).
(iv) For long NTs (L > 100 Å), buckling takes place in a ﬂexural mode (m = 1) with one longitudinal wave (n = 1), and
the strain always decreases with L. Also represented in Fig. 3 is the critical curve (dashed line) of a NT(7,7)
with hinged supports (the cross-section deformation is restrained at both supports but the end sections are free
to rotate). It is noted that if Yakobson et al. (1996) studied the hinged NT, they would ﬁnd a much lower crit-
ical strain (ec = 0.031), corresponding to a ﬂexural mode (see bottom white dot), and a much more sudden
collapse.
(v) It is now possible to clarify the issue raised by Cao and Chen (2006a, 2007) when deﬁning three different categories of
tubes concerning the monotonic variation of the length (see Section 1). The shell-like buckling behaviour A corre-
sponds to the axi-symmetric mode (m = 0) that is critical for very short NTs. The transitional buckling behaviour B
(between a shell and a beam) is related to the distortional modes (m > 1), for which the critical strain varies
(decreases) with the NT length. Naturally, the beam-like buckling behaviour C corresponds to the ﬂexural buckling
mode (m = 1). In addition, a similar variation of the critical strain with the NT length was found by Wang et al.
(2005) using molecular dynamics simulations. However, they only identiﬁed two buckling mode categories: the dis-
tortional modes for moderate aspect ratio and the global modes for high aspect ratio.
Now let us turn our attention to the Fig. 5. The bottom solid curve corresponds to the one already represented in Fig. 3,
using E = 5.5 TPa and h = 0.66 Å (the curve is more smooth since the critical strain range is now augmented). The top solid
curve was obtained for a similar in-plane membrane stiffness C = 360 J/m2, but using E = 1.06 TPa and h = 3.40 Å (equilibrium
interlayer spacing of adjacent NTs). The bottom and top solid curves correspond to the thin-walled (h = 0.66 Å) and thick-
walled (h = 3.40 Å) NT, respectively. The following comments are appropriate:
(i) For very short thick-walled NTs (L < 5 Å), buckling takes place in local modes and ec remains constant. For short to long
thick-walled NTs (L > 10 Å), buckling occurs in ﬂexural modes and ec always decrease. From very small to moderate
lengths (5 Å < L < 10 Å), the thick-walled NTs buckle in mixed local-ﬂexural modes.
(ii) It is clearly visible that the local buckling behaviour of thick and thin-walled NTs is evidently different, the former
being much more stiff. This is due to the fact that the bending stiffness D = Eh3/12(1  m2) of the thick-walled NT is
about 26 times that of the thin-walled NT. If the ﬁx-ended NT (L = 60 Å) studied by Yakobson et al. (1996) is modelled
as thick-walled, it buckles in a ﬂexural mode at ec = 0.084, about 70% above the exact value (see white dots in Fig. 5,
and the ﬂexural mode deformed conﬁguration in the right side). A similar conclusion was achieved by Pantano et al.
(2004b), using non-linear shell ﬁnite element analyses.
(iii) Modelling the NT as thick-walled raises other problems, such as the shear deformation of short members. The ﬂexural
buckling of ﬁx-ended NT without (ec) and with ðeScÞ shear deformation effects exhibits the following critical strainsec ¼ 2 pL
 2
r2 þ h
2
4
 !
eSc ¼
ec
1þ ec lEG
¼ ec
1þ 4:76ec ð15Þ
where l is a shear correction factor that depends on the cross-section shape (l = 2, for hollow sections) and
E/G = 2(1 + m) = 2.38 is the ratio between the NT Young and shear moduli. The sole difference between the Eq. (15a)
and that presented by Yakobson et al. (1996) is that the former includes the term h2/4, which is negligible for thin-
walled NT but plays a relevant role thick-walled NT. Fig. 5 also depicts the curves concerning the ﬂexural buckling0
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N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920 4909of thick-walled NTs without (Eq. (15a) – dashed curve) and with (Eq. (15b) – dotted curve) shear deformation effects.
It is observed that the shear deformation decreases the ﬂexural buckling critical strain by a large amount, especially
for short to intermediate lengths (L < 80 Å). Notice also that the dotted curve is close to the top solid curve for L > 30 Å,
which means that outside this range local buckling starts to prevail in mixed local-ﬂexural modes. From this study, it is
important to conclude that the modelling of NTs as thick-walled may lead to erroneous results.(iv) The choice of the correct NT thickness to adopt in numerical simulations using shell models still constitutes a hard
task. In a recent study, Huang et al. (2006) clariﬁed this issue and determined the membrane (C = Eh/(1  m2)) and ﬂex-
ural (D = Eh3/12(1  m2)) stiffness values of graphene using an analytical approach directly from interatomic potential.
They showed that while the membrane and ﬂexural rigidities do not depend on the loading, chirality and radius, the
NT thickness is not constant for each interatomic potential but depends on these parameters. From their study, the
graphene thickness may vary between 0.6 Å (uni-axial tension) and 0.9 Å (bi-axial stretching). In addition, a very
recent study by Wang and Zhang (2008) also deserves to be mentioned. In view of the fact mentioned before, it seems
obvious that a NT must be modelled as thin-walled shell (0.6 Å < h < 0.9 Å).
Fig. 6 shows the variation of the critical strain ec with the length L and radius r of hinged NTs. The three curves concern the
NT(8,8), NT(16,16) and NT(24,24) with armchair helicities, which possess radius equal to 5.42, 10.85 and 16.28 Å, respec-
tively. It is seen that for increasing radius, the variation of the critical stress with the length is more smooth. Moreover,
the decrease in the critical strain is more deep from the NT(8,8) to the NT(16,16) than from the NT(16,16) to the
NT(24,24), which is a direct consequence of the fact that ec is proportional to 1/r. It is also very interesting to note that
the length range in which the local buckling modes are critical augments with the radius: for the NT(8,8), NT(16,16) and
NT(24,24), one has L < 4 Å, L < 6 Å and L < 10 Å. The length range where the distortional modes with m = 2 and 3 are critical
shifts to the right (in Fig. 6) as the radius increases: for the NT(8,8), NT(16,16) and NT(24,24), one has 4 Å < L < 40 Å,
22 Å < L < 160 Å and 34 Å < L < 230 Å. Unlike in the local and distortional buckling mode case, the radius increase leads to
an increase in the ﬂexural mode (m = 1) critical strain: the bottom and top curves are now the NT(8,8) and NT(24,24) ones.
Finally, it should be highlighted that (i) the NT(16,16) buckles in distortional modes with m = 4 for 6 Å < L < 22 Å and (ii) the
NT(24,24) buckles in distortional modes withm = 4 andm = 5 for 0 Å < L < 34 Å. This leads to the conclusion that the number
of circumferential waves m in distortional critical modes always increases with the NT radius.
Finally, the Fig. 7 shows the variation of the critical strain with the NT radius, for the local (m = 0 – top curve) and dis-
tortional (m = 2, 3, 4 – bottom curves) buckling modes. Also depicted are the results obtained by several researchers, who
carried out atomistic simulations of NTs with different radius and lengths. Very recently, Cao and Chen (2007) performed
an extensive study on the buckling behaviour of NTs using molecular mechanics simulations. They investigated NTs with
rather small (but similar) radii (NT(5,5), NT(6,4), NT(7,2), NT(8,2) and NT(9,0)) but with different lengths (L = 50, 100,
190, 390 Å).3 In order to study the diameter effects, these authors also performed analyses for NT(10,10), NT(14,6), NT(17,0)
with equal length (L =50 Å) and moderate radii. Using the molecular dynamics method, Liew et al. (2004) also carried out exten-
sive numerical investigations on the buckling behaviour of compressed NTs. They determined the buckling loads of 32 zig-zag
NTs and 32 armchair NTs with small, moderate and large radii. Conversely, Cornwell and Wille (1997) investigated the bucklingto the continuum nature of all the shell models (like the one presented here), the hexagonal lattice of CAC bonds can not be modelled explicitly in a
form. A possible way to introduce the inﬂuence of the NT chirality in the shell analysis is to consider the Young modulus and thickness depending on
chirality. Unlike continuum shell models, the frame models are able to consider the NT chirality by means of different orientation of the beam (rod)
ts connecting the CAC atoms (Li and Chou, 2003).
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Fig. 7. NT data and variation of the critical strain with the radius.
4910 N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920behaviour of NTs with larger radii. Additionally, also shown are the results by Yakobson et al. (1996), Buehler et al. (2004), Ar-
royo and Belytschko (2004), Srivastava et al. (2006) and Ni et al. (2002). From the observation of Fig. 7, it is possible to mention
that the great majority of the molecular dynamics estimates and atomistic simulation results are very close to the curve cor-
responding to the local (axi-symmetric) buckling mode (top curve). This is the case of the NT(8,0) studied by Srivastava
et al. (2006), which undoubtedly buckled in a local (axi-symmetric) mode. However, there is a non-negligible number of results
that fall well below this local buckling curve. These results correspond to several points located close to the curves withm = 2, 3,
4, which suggests that the corresponding NTs buckle preferably in distortional buckling modes. This clearly occured in the case
of the NTs studied by Yakobson et al. (1996), Buehler et al. (2004), Arroyo and Belytschko (2004) and Ni et al. (2002). Pantano
et al. (2004a) also simulated numerically (using continuum shell ﬁnite elements) the behaviour of the NT(10,10) investigated by
Ni et al. (2002) and they found that it buckled in a clear distortional mode (m = 2) conﬁguration similar to that depicted in
Fig. 4(a). Moreover, Fig. 7 shows that several points are very close to the curve corresponding to the distortional buckling curve
(m = 2, bottom curve). Finally, it becomes visible that the absolute difference between the local (top curve) and distortional
(m = 2, bottom curve) critical strains increases substantially for diminishing radii. However, remember that the relative differ-
ence is always 40%.4. NTs under bending
Now, let us consider the NT(13,0) under uniform bending investigated by Yakobson et al. (1996). The NT is modelled with
rigid end sections (the ﬂexural rotations at both supports are free and the axial translation of one end section was left free, in
order to enable the axial shortening of the tube under large bending displacements) and the following properties were
adopted: m = 0.19, E = 5.5 TPa, h = 0.66 Å, r = 5.09 Å. Using several sinusoidal functions with several half-waves (n) to approx-
imate the mode amplitude functions /k(x) and performing GBT bifurcation analyses for a wide range of lengths (L), one ob-
tained the results shown in Fig. 8. This ﬁgure depicts the variation of the critical curvature vc (solid line) and the buckling
mode conﬁguration with L. The observation of Fig. 8 leads to the following comments:
(i) For each n value, one obtains a different bifurcation curve jb(L) exhibiting a local minimum (dotted lines). For the sev-
eral n values, the critical curve jc(L) exhibits several local minima (solid line). The critical mode is a local mode char-
acterised by deformation of the top compressed zone, which triggers the NT buckling. This local mode is very similar
to the axi-symmetricmode of NTs under compression (see Fig. 4(b)), both displaying a large number of half-waves. The
critical curvature at the local minimum is jc = 0.0160 Å1 and the corresponding half-wavelength is Lc = 3.4 Å. These
values are close to the ones (jc = 0.0150 Å1 and Lc = 3.1 Å) obtained fromjc ¼ ecr ¼
h=r2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þ
p ð16Þ
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Fig. 8. Variation of the critical curvature vc with the NT (13,0) length L.
N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920 4911where ec is given by Eq. (1b). The minor discrepancy is due to the fact that the top compressed zone of the NT under
bending is partially restrained by its bottom tensioned zone.(ii) Using molecular dynamics simulations and adopting Brenner’s empirical potential (Brenner, 1990) for the atomic
interactions, Yakobson et al. (1996) studied the NT(13,0) with L = 80 Å and obtained a critical curvature
jc = 0.0155 Å1 (see the black dot in Fig. 8), which is close to the numerical value obtained (jc = 0.0160 Å1). Never-
theless, it seems fair to say that the critical mode obtained by the current analysis looks very different to that iden-
tiﬁed by Yakobson et al. (1996). The later displays only one kink at the middle of the tube and the deformed
conﬁguration of the mid-span section is very similar to the two half-wave (m = 2) distortional mode (see Fig. 1(b)).
In order to shed light on this subject, several data on NTs under bending obtained by other authors were collected. These
data include the simulations carried out by Cao and Chen (2006a), Shibutani and Ogata (2004), Guo et al. (2008), and are
much more scarce the data of NTs under compression. Iijima et al. (1996) and Vodenitcharova and Zhang (2004) also per-
formed buckling analysis of NTs under bending. However, they obtained the critical bending angle hc but did not supplied
the NT length L, which is crucial for the critical curvature evaluation (jc = hc/L). Fig. 9 shows the variation of the critical cur-
vature with the NT radius and includes several dots corresponding to the mentioned data. Moreover, the solid curve is ob-
tained from Eq. (16), which is related to the critical localmode of the top compressed zone. The ﬁrst remark is that the critical
curvature decreases with the NT radius. However, the decreasing rate of the solid curve is much more pronounced than that
of the data. The careful observation of this ﬁgure shows that, apart from the Yakobson’s result (black dot), all data (white
dots) are located below and far from the solid curve. This evidence leads to us to question the accuracy of Eq. (16), whichr (Å)
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Fig. 10. Non-linear behaviour of NT(13,0) with L = 80 Å under uniform bending.
4912 N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920is extensively used in NT analysis (Iijima et al., 1996; Buehler et al., 2004), and to have some reservations on the performance
of pure bifurcation (eigenvalue) analysis of NTs under bending.
With the aim of investigating the above mentioned difference between the critical curvatures, one is aimed to perform
fully (geometrically) non-linear analysis using ABAQUS code (HKS, 2002) and discretising the NTs with ﬁne meshes of shell ﬁ-
nite elements. The NT mid-surfaces were discretised into S4R ﬁnite elements (isoparametric 4-node shell elements with the
shear stiffness yielded by a reduced integration rule). One considered 36 elements along the cross-section mid-line and pre-
vious convergence/accuracy studies showed that the ﬁnite element length-to-width ratio should be comprised between 1
and 2. All NTs have end sections locally/globally pinned and warping prevented. In order to simulate these support condi-
tions, rigid plates were attached to the NT end sections and they were modeled using 3-node rigid elements R3D3.4 Hence,
the ﬂexural rotations at both supports are free and the axial translation of one end section was left free, in order to enable the
axial shortening of the NT under large bending displacements. The purely elastic constitutive law was adopted with no degra-
dation of properties and the NT is considered geometrically perfect, that is, without any initial imperfection.5 Concerning the
loading, opposite bending momentsMwere applied at the centroid of both end sections. As for the non-linear equilibrium paths
that relate the applied moment value M to the bending rotation of the end sections (h/2), they are determined by means of a
numerical incremental-iterative technique employing Newton–Raphson’s method and Riks’s arc-length control strategy, which
is automatically adopted by ABAQUS and implemented with a pre-deﬁned ‘‘calibration” – increment and tolerance parameters.
First, the non-linear analysis of the NT(13,0) with L = 80 Å was performed (m = 0.19, E = 5.5 TPa, h = 0.66 Å, r = 5.09 Å).
Fig. 10 shows (i) the non-linear equilibrium pathM(h) (orM(j)) obtained from the incremental-iterative analysis (black solid
curve) and (ii) the linear equilibrium path (blue dashed line). Moreover, while several coloured points (A to M) are located
along the non-linear path, point P is located on the top of the linear equilibrium path and corresponds to the NT bifurcation
in the local mode (the values jc = 0.0150 Å1 and hc = 0.0150 Å1  80 Å = 1.20 rad are obtained by means of Eq. (16), with
linear pre-buckling path). The observation of Fig. 10 deserves the following comments:
(i) Until point D is achieved, the equilibrium path is almost linear. After point D, the non-linear path starts to deviate from
the linear one and reaches a limit point at G. After that, the bending moment always decreases and the bending angle
(or curvature) increases after a small snapback. In the descending branch of theM(h) curve, the increase in the bending
angle leads to a ﬁnal deformed conﬁguration (point M) with three kinks in the mid-span zone. From this non-linear
analysis, it is seen that the NT under bending never reaches the critical bending moment valueMc = 22.5 TPa Å3, which4 Concerning the inﬂuence of boundary conditions (keeping, or not, the circular shape of nanotube ends) on the NT behaviour, Cao and Chen (2007)
performed extensive studies. However, it is believed that the most real and appropriate boundary condition is the one associated with fully circular shape of
nanotube ends. One of the reasons is that the nanotube end caps possess a very high membrane stiffness that signiﬁcantly restrains any deformation of
nanotube end sections, thus holding its circular shape.
5 It is well known that the geometrical defects erode the NT critical curvature. However, and due to the lack existing measurements of NT imperfection
shapes and amplitudes in the literature, the NT is modelled here as a perfect cylindrical shell.
N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920 4913is associated with the local mode (point P) determined from the bifurcation analysis. It should be stressed that the
same non-linear trend of the ascending branch of the M(h) curve was also unveiled by Yakobson et al. (1996) and
Vodenitcharova and Zhang (2004).
(ii) The roundness of the non-linear path is related to the well known Brazier effect (Brazier, 1927; Karamanos, 2002),
which is due to the action of normal (longitudinal) stresses on the curvature of the bended NT, thus resulting in trans-
verse (vertical) pressure directed towards the NT neutral axis. This pressure leads the top (compressive) and bottom
(tensioned) zones to move towards the neutral axis, thus resulting in the NT ovalization. It is obvious that the ovalized
shape of the cross-section coincides perfectly with the two-wave distortional mode represented in Fig. 1(b). The NT
ﬂattening (ovalization) is responsible to a decrease in the cross-section second moment of area (I(j)), which depends
on the curvature. Consequently, it also leads to a drop in the actual bending moment (M = EI(j)j). The Brazier equi-
librium path is shown in Fig. 10 (red dashed curve) and is given byM ¼ EIj 1 3
2
n
 
n ¼ j2 r
4
h2
ð1 m2Þ ð17Þ
where I = pr3h is the second moment of area of the circular section and n is the ovalization parameter (oval minor axis
width/ 2r). The Brazier curve exhibits a local maximum (point Q) given by
MBR ¼ 2p
ﬃﬃﬃ
2
p
9
Erh2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m2
p
jBR ¼
ﬃﬃﬃ
2
p
3
h=r2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m2
p ð18Þ(iii) The Brazier curve (red dashed line) approximates very well the non-linear path until the limit point G is reached.
While the limit point G is associated with Mlim = 11.8 TPa Å3 and jlim = 0.01025 Å1, the Brazier curve local maxi-
mum point Q is characterised by MBR = 12.2 TPa Å3 and jBR = 0.01206 Å1. It is fair to say that both points lead to
similar values of the bending moment M and to a much lower curvature j than the critical local mode one
(jc = 0.01500 Å1).
(iv) From the Brazier analysis, the limit value of the bending moment (Mlim = 11.8 TPa Å3) is reached for an ovalization
parameter n = 0.157, which means that the circular section vertical axis width decreased about 16%. Vodenitcharova
and Zhang (2004) found a value of the ovalization parameter n = 0.14, very close to the one obtained here. Moreover,
the picture in the right of Fig. 10 shows the variation of the ovalization parameter n with the bending angle h. For the
maximum Brazier bending moment (MBR = 12.2 TPa Å3 – point Q), the circular cross-section exhibits an ovalization
parameter equal to 21%.10
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Fig. 11. Progressive ovalization and collapse of NT(13,0) with L = 80 Å under uniform bending.
4914 N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920For the several coloured points (A to M) located along the non-linear path depicted in Fig. 10, Fig. 11 shows the corre-
sponding deformed conﬁgurations of the NT mid-span section, obtained from non-linear analysis. While A is the under-
formed circular section conﬁguration, the conﬁgurations B, C and D remain almost circular after bending. Nevertheless,
the conﬁgurations E, F and G exhibit clearly visible ovalized conﬁgurations, where the two-wave distortional mode is pre-
valent (see Fig. 1(b)). In particular, it should be noticed that the (black) deformed conﬁguration G, corresponding to the limit
situation, exhibits an ovalization parameter equal to 19%. This value is located between those mentioned before in the con-
text of the Brazier analysis (16% and 21%), thus reﬂecting the relative accuracy and usefulness of the later.
It is known that the van der Waals forces between carbon atoms distancing more than 6 Å are small. Therefore, the incre-
mental-iterative analysis neglecting the van der Waals forces is still accurate if the minimum distance between opposite
walls (e.g., top and bottom points of the ovalized cross-section) is higher than about 6 Å. The distance between the top
and bottom points of the ovalized cross-section only becomes lower than 6 Å for the deformed conﬁguration I (in pink), after
the limit conﬁguration G (in black). While the NT deformed conﬁgurations before point I is reached (A to I) are accurate due
to negligible van der Waals forces, the descending branch of the equilibrium path in Fig. 10 (conﬁgurations J toM) becomes
deeper due to the attractive van der Waals forces, until the equilibrium distance (3.4 Å) is achived. However, notice that the
van der Waals forces have very scarce inﬂuence on the limit (maximum) curvature since the distance between the top and
bottom points of the cross-section is about 8 Å in conﬁguration G.
One of the assumptions of the Brazier analysis is that the linear component of the extension in the circumferential direc-
tion is null, i.e., ehh = (v,h + w)/r = 0 (see Eq. (4)). In other words, the perimeter of the circular section contour (pc = 2pr) re-
mains unaltered. In order to investigate the correctness of this assumption, one measured the perimeter of the ovalized
section contour (pov) and evaluated the average value of the circumferential extension by means ofehh ¼ pov  pcpc
ð19ÞThe variation of the measured circumferential extension ehh with the bending angle h (or curvature j) is shown in Fig. 12.
From its observation, it is possible to conclude that the circumferential extension ehh is always negative, meaning that the
perimeter of the ovalized section is always smaller than that of the circular section. However, it is also visible that, until
the limit point G is reached, the decrease of the ovalized section perimeter is very limited (ehh > 0.0014) and negligible. This
evidence shows that the Brazier assumption of null circumferential extension is fairly well adopted. Conversely, and from
point G to point M, the increase of the negative circumferential extension ehh rises up very quickly and the Brazier assump-
tion ceases to apply.
Fig. 13(a) shows the non-linear M(h) equilibrium paths obtained for the NT(10,0) and NT(15,0), for several length values
(10 Å < L < 120 Å). Obviously, the inclination values of the initial branches (M/h) are proportional to the NT bending stiffness
values (EI/L). It is also visible that shorter NTs possess almost linear (straight) equilibrium paths until the limit momentMlim
is reached. Conversely, the equilibrium path of the longer NTs is more rounded near the point of limit bending momentMlim.
This fact proves that the ovalization phenomenon (Brazier effect) is more evident in the longer NTs. Moreover, it is also seen
that the limit bending momentMlim decreases abruptly for the shorter NTs but remains nearly constant for longer lengths. Aθ (rad)
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N. Silvestre / International Journal of Solids and Structures 45 (2008) 4902–4920 4915possible explanation for this Mlim decrease in the shorter NT behaviour resides in the inﬂuence of the boundary conditions,
which is absent in the longer NT behaviour: the mid-span section of longer NTs, where collapse takes place, is too distant
from their end supports, a fact that does not occur in the shorter NTs. The transition between these two (shorter and longer
NT) behaviours is different in the case of NT(10,0) and NT(15,0). While the NT(10,0) length-independence of Mlim
(9.1 TPa Å3) takes place for L > 30 Å, the NT(15,0) length-independence of Mlim (13.7 TPa Å3) occurs for L > 40 Å. As a ﬁrst
approach, one can state that this limit length depends on the NT radius (r) and is relatively well approximated by the NT
perimeter (p): L > p = 24.6 Å for the NT(10,0) and L > p = 36.9 Å for the NT(15,0).
For both NTs, the Fig. 13(b) shows the variation of the limit curvature (jlim) with the length. The limit bending curvature
jlim also decreases for the shorter NTs, exhibits a local minimum and then augments sligthly for increasing lengths. It is
interesting to mention that Cao and Chen (2006a), using molecular dynamics to simulate NTs under bending, also found that
the curve j(L/d) exhibited a ‘‘kind” of local minimum for very short NTs (i.e., with very low aspect ratio L/d). Moreover, the
black dots in Fig. 13(b) represent the critical curvatures (jc) obtained by Guo et al. (2008), using the atomist-scale ﬁnite ele-
ment method, for the NT(10,0) with L = 83.3 Å and NT(15,0) with L = 83.5 Å. While the NT(10,0) critical curvature
(jc = 0.0125 Å1) is somewhat different to that determined here (jlim = 0.0185 Å1), the NT(15,0) critical curvature
(jc = 0.0077 Å1) is rather close to the limit curvature calculated from non-linear analysis (jlim = 0.0070 Å1). Moreover,
Fig. 13(b) also shows four horizontal lines corresponding to the curvature values obtained from (i) bifurcation analysis
(dashed line – Eq. (16)), (ii) Brazier analysis (dashed-doted line – Eq. (18b)) and (iii) modiﬁed Brazier analysis (dotted line).
This modiﬁed Brazier analysis is based on Eq. (17b), which can be rewritten in the form,
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ﬃﬃﬃ
n
p h=r2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 m2
p ð20ÞThis expression can be used to evaluate the limit curvature as a function of the ovalization parameter n. While the dotted
line in Fig. 13(b) corresponds to the value n = 0.15, the bifurcation and Brazier lines correspond to the adoption of n = 3/9 and
n = 2/9, respectively. From the observation of Fig. 13(b), it is possible to conclude that both bifurcation (j = 0.0252 Å1 for
NT(10,0) and j = 0.0113 Å1 for NT(15,0)) and Brazier (j = 0.0206 Å1 for NT(10,0) and j = 0.0092 Å1 for NT(15,0)) curva-
ture estimates are too high, in comparison with the non-linear values (white dots). However, the modiﬁed Brazier curvature
values with n = 0.15 (j = 0.0169 Å1 for NT(10,0) and j = 0.0075 Å1 for NT(15,0)) lead to lower and more accurate esti-
mates of the critical curvature.
Finally, let us look at Fig. 9, where the bifurcation (n = 3/9), Brazier (n = 2/9) and modiﬁed Brazier (n = 0.15) curves are
represented and compared with available data. Despite the modiﬁed Brazier with n = 0.15 curve is the one that gives more
accurate estimates, it is also obvious that it does not ﬁt well with available data. Therefore, one proposes the use of a mod-
iﬁed Brazier analysis (Eq. (20)) but with n = 0.10, which leads to very accurate results for all data (bottom dotted curve), with
the exception of Yakobson’s result. Moreover, Cao and Chen (2006a) also proposed the following expression for the critical
curvaturej ¼ 0:738
d2
ð21Þwhich can be rewritten (d = 2r, h = 0.66 Å and m = 0.19) in the form of Eq. (20), thus leading to an ovalization parameter
n = 0.075. This value is even a bit lower than the one proposed here (n = 0.10).
One feasible explanation for the very low values of the critical curvature found in the above mentioned works is that the
molecular models may contain initial geometrical imperfections that erode the NT stiffness by a great amount. Another pos-
sible explanation resides in the model adopted to simulate atomistic interactions. While Cao and Chen (2006a) used the COM-
PASS force ﬁeld – ‘‘Condensed Phase Optimized Molecular Potential for Atomistic Simulation Studies” (Sun et al., 1998), Guo
et al. (2008) adopted Brenner et al.’s ‘‘second generation” empirical potential (Brenner et al., 2002), Yakobson et al. (1996)
and Shibutani and Ogata (2004) used Brenner’s ‘‘ﬁrst generation” empirical potential (Brenner, 1990) to model the covalent
bonds between the atoms.
5. NTs under torsion
The behaviour of nanotubes under torsion was ﬁrst studied by Yakobson et al. (1996), using molecular dynamics ap-
proach. They considered a NT(13,0) with L = 230 Å and found that it buckled in a cylinder-helix ﬂattening mode for an angle
of twist equal to /c = 2.70 rad. However, they also found that this value was not in accordance with the twisting angle
/c = 1.21 rad provided by the formula developed by Love for the critical angle of twist per unit of length,ac ¼ 0:236 E
Grð1 m2Þ0:75
t
r
 1:5
ð22Þr (Å)
α
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Fig. 14. NT data and variation of the critical twisting angle ac (per unit of length) with the radius.
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presence of rigid caps at the end sections of the NT, which add more stiffness to the structure and delay the ﬂattening and
buckling of the NT. In order to try to explain this difference, Fig. 14 shows several data collected from other research works.
In particular, Shibutani and Ogata (2004) investigated the buckling behaviour of ziz-zag nanotubes NT(10,0) and NT(14,0)
under torsion using molecular dynamics simulations and Cao and Chen (2006b) applied general molecular mechanics sim-
ulations to evaluate the buckling behaviour of armchair NT(5,5) and NT(10,10). Also depicted is the result obtained by Arroyo
and Belytschko (2004) for the armchair NT(10,10). Additionally, Fig. 14 depicts the variation of the critical twisting angle per
unit of length ac with the NT radius r obtained from the Love formula (Eq. (22)) and also from the Donnell formula,Fig. 15.
(deformac ¼ 0:272 E
Grð1 m2Þ0:75
t
r
 1:5
ð23Þwhere the elastic constants E = 5.5 TPa, m = 0.19 and G = 2.31 TPa were used. From the observation of Fig. 14, it becomes clear
that the great majority of results obtained from molecular dynamics and mechanics simulations lie well above the ac(r)
curves derived by Donnell and Love. Furthermore, it is obvious that there is a non-negligible scatter (vertical dispersion)
of ac values for the same NT radius. This fact suggests that the critical twisting angle per unit of length ac might depend
on more parameters, other than the NT radius.
With the aim of investigating this issue, let us consider the NT(10,0) and NT(14,0) with rigid end sections (the twisting
rotation and the axial translation of one end section was left free, in order to enable the axial shortening of the tube under
large twisting displacements) and submitted to uniform torsion. After using the geometric stiffness matrix Xjik associated
with torsional pre-buckling rotations and incorporating a set of trigonometric functions of the type sin(px/L)sin(npx/L) in
the GBT equilibrium equations (Eq. (13)), one is able to perform bifurcation analysis of NTs under torsion. Despite the fact
that this function satisﬁes the fully ﬁxed end support conditions, it does not correspond to the exact solution of the GBT equi-
librium equations and, therefore, an n-series must be used to obtain accurate results. In order to investigate dependence of
critical twisting angle on the NT length, several length values were adopted (20 Å < L < 130 Å). Fig. 15 shows the variation of0.000
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of ABAQUS analyses (white dots) are also shown. In particular, one should mention that rigid plates (modelled using 3-node
rigid elements R3D3) were used to simulate the ﬁxed support conditions and their bending rotations were prevented – in
order to apply the torsional moment T, only the twisting rotation of one end section was left free. Also shown are results
obtained by Shibutani and Ogata (2004) for the lengths L = 41.1, 62.6, 83.7 and 126.2 Å. From the observation of Fig. 15, it
is possible to observe that:
(i) In both NT(10,0) and NT(14,0), the critical twisting angle ac decreases with the length L. However, this drop is more
pronounced for the shorter NTs (L < 50 Å and L < 80 Å, for NT(10,0) and NT(14,0), respectively). For increasing lengths
(L > 50 Å and L > 80 Å), the critical twisting angle ac remains almost constant and tends to the value given by the Don-
nell formula (ac = 0.0113 Å1 and ac = 0.00508 Å1, for NT(10,0) and NT(14,0), respectively).
(ii) The shell ﬁnite element and GBT values of ac are in good agreement, since the maximum difference between them is
about 3%. Fig. 15(c) allows the visualisation of theNT(14,0) bucklingmode deformed conﬁguration obtained fromABAQUS
andGBT. In the later case, the shapes of several cross-sections along the length (0 6 x 6 126.2 Å) are depicted. Like itwas
unveiled by other investigations, the bucklingmode pattern of NTs under torsion consists of two circumferential waves
(i.e., the distortional mode depicted in Fig. 1(b)) that spiral around the axis from one end support to the other.
(iii) The numerical values obtained from GBT and ABAQUS analyses are much smaller (about 50% lower) than those obtained
by Shibutani and Ogata (2004) for the same NTs (black dots). This evidence raises some uncertainty concerning the
accuracy of shell models to assess the buckling behaviour of NTs under torsion. In fact, it is evident that NTs analyzed
by molecular dynamics analyzed possess higher stiffness than their continuum shell model counterparts.
(iv) Even though they have higher ac values, the molecular dynamics models (black dots) also revealed that the critical
twisting angle strongly depends on the NT length: the longer the NT is the lower the critical twisting angle is. This
fact also proves the incorrectness of both Donnell and Love expressions (Eqs. (22) and (23)), since they do not depend
on L. A more realistic trend is given by the expression derived by Schilling (1965)ac ¼ 0:692 E
Grð1 m2Þ0:625
t
r
 1:25 r
L
 0:5
ð24Þ
which depends on the NT length L. The given results (dashed curve) approximate fairly well both GBT and ABAQUS
estimates and, more important, exhibit a general trend that is very similar with the molecular dynamics ones (black
dots).Finally, Fig. 16 shows the variation of ac with L for NT(10,0) and NT(14,0) with ziz-zag helicity and NT(5,5) and NT(10,10)
with armchair helicity, the former studied by Shibutani and Ogata (2004) and the later by Cao and Chen (2006b) and Arroyo
and Belytschko (2004). Despite the fact that nanotubes NT(10,10), NT(14,0), NT(10,0) and NT(5,5) have decreasing radius
r = 6.78, 5.48, 3.92 and 3.39 Å, respectively, their critical twisting angles ac are not ordered in the same sequence. For in-
stance, the NT(5,5) estimates (white dots) are placed below the NT(10,0) results (white triangles), the later possessing a
greater radius than the former. Therefore, it is probable that NTs with zig-zag structure possess higher stiffness for torsional
buckling than the armchair NTs. Using Schilling’s formula, it is possible to propose the following two different expressions to
estimate the critical twisting angle ac in zig-zag NTsL (Å)
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Fig. 16. Proposed estimation of the critical twisting angle ac for zig-zag and armchair NTs.
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ð25Þand in armchair NTsac ¼ 1:0E
Grð1 m2Þ0:625
t
r
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L
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ð26ÞThese expressions show that ac is proportional to 1/L0.5 values and they differ only in the coefﬁcient (k = 1.5 and 1.0 for
zig-zag and armchair NTs, respectively), thus leading to 50% more stiff zig-zag NTs. The curves depicted in Fig. 16 (solid curve
for zig-zag NTs and dashed curve for armchair NTs) show that these expressions accurately predict the buckling behaviour of
NTs under torsion.
6. Conclusion
The main objective of this paper is to shed light on the buckling behaviour of single-walled NTs under compression, bend-
ing and torsion and to clarify some unsolved questions concerning the length dependence of critical measures (axial strain,
bending curvature, twisting angle). Using an atomistic-scale generalized beam theory (GBT) that incorporates local deforma-
tion of the NT cross-section by means of independent and orthogonal deformation modes, the variation of critical measures
with the NT length is obtained. Additionally, non-linear shell ﬁnite element analyses using ABAQUS code are performed to ob-
tain non-linear equilibrium paths. Initially, the buckling modes of tubes are classiﬁed according to their kinematical behav-
iour (local, distortional and global buckling modes) and the relevance of the two-wave distortional mode (ﬂattening or
ovalization mode) in their structural behaviour is emphasized. Moreover, the well known expression for the determination
of critical strain, based on the theory of Donnell for shallow shells, is shown to be inadequate for NTs of moderate length.
Next, an in-depth study on the buckling behaviour of NTs under compression, bending and torsion is presented. The variation
of the critical measures (axial strain, bending curvature and twisting angle) with the NT length is comprehensively studied.
In parallel, (i) some discrepancies existing in the literature and associated with this length dependence are clariﬁed, (ii) a few
useful expressions to determine critical measures in NTs are proposed and (iii) the results obtained are compared with avail-
able data (most of them, obtained from molecular dynamics simulations). From the present investigation, the following con-
clusions are appropriate:
(i) It was shown that the lack of some important terms and the non-accurate estimation of the warping and tangential
displacements in the Donnell-type theory have far reaching errors in the distortional (ﬂattening) buckling results of
moderately long tubes under compression.
(ii) Concerning NTs under compression, there are three different categories critical buckling modes: while the axi-sym-
metric mode is critical for very short NTs, the ﬂexural buckling mode is critical for long tubes. While the former
exhibits cross-section contour deformation but no warping deformation, the later is characterised by the opposite
situation (warping deformation but no contour deformation). Additionally, a third category exists (distortional
buckling): it takes place for NTs with moderate length, it is related to the transitional buckling behaviour between
the shell (axi-symmetric mode) and the rod (ﬂexural mode) and it is characterised by both cross-section contour
deformation and warping deformation. An analytical expression was proposed to estimate the distortional critical
strain.
(iii) Concerning NTs under bending, it was shown that eigenvalue analysis does not give a correct prediction of the critical
curvature. Conversely, incremental-iterative non-linear analysis provides a better approximation to the molecular
dynamics results due to the progressive ovalization (ﬂattening) of the NT cross-section under bending. For short
NTs, the limit curvature drops with the increasing length mostly due to the decreasing inﬂuence of end effects. For
moderate to long tubes, the limit curvature remains practically constant and independent on the tube length. An
approximate formula based on the Brazier expression was proposed to predict the limit curvature.
(iv) Regarding NTs under torsion, both the continuum model results and molecular dynamics results displayed a similar
trend concerning the variation of the critical twisting angle with the NT length. However, the critical twisting angle
values of the former (continuum model) were much lower (about 50%) than the later (molecular dynamics). In addi-
tion, a distinct behaviour was found between NTs with different chirality: ziz-zag NTs under torsional loading were
found to be stiffer than armchair ones. Likewise, approximate formulas depending on the NT length were proposed
to estimate the critical twisting angle.
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